Abstract-Extensive literature discusses traction control system designs for electric vehicles. In general, the proposed control structures do not include consideration of the actuation dynamics, which are especially important for vehicles with on-board drivetrains, usually characterized by significant torsional dynamics of the halfshafts. This paper compares the performance of a selection of traction controllers from the literature, with that of PID and H ∞ control structures specifically designed for on-board electric drivetrains. The analysis in the frequency domain and the simulation results in the time domain show the significant performance improvement provided by the control system designs considering the actuation dynamics.
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LECTRIC vehicles (EVs) with multiple and individually controlled drivetrains present significant potential benefits with respect to more conventional EV layouts with a single electric drivetrain, an open differential and half-shafts. In fact, vehicle configurations with multiple motors have torquevectoring capability, i.e., yaw moment control is continuously actuated through the torque difference among the left and right wheels of the same axle. Torque-vectoring significantly improves vehicle cornering response, thus enhancing active safety.
For example, torque-vectoring can increase the maximum lateral acceleration in steady-state conditions, and yaw damping in transient conditions [1] , [2] .
Moreover, electric motor drives are characterized by more precise and fast torque response than internal combustion engines and hydraulic friction brakes. Hence, the performance of traction controllers (TC) and anti-lock braking systems (ABS) can be enhanced by the adoption of electric drivetrains. In particular, continuous feedback controllers for tracking a reference slip ratio can be implemented for both traction and braking.
An extensive academic literature describes TC systems, or more generally wheel slip controllers, potentially suitable for EVs with multiple drivetrains [3] , [4] . The proposed solutions range from controllers not requiring the definition of a reference slip ratio [5] - [7] , to controllers based on slip ratio feedback control. The feedback control action is achieved through gain scheduled proportional integral derivative (PID) and linear quadratic regulator (LQR) controllers [8] - [10] , H ∞ controllers [11] , sliding mode controllers [12] - [19] , and model predictive controllers [20] , [21] .
Most of the industrial TC implementations, e.g., [22] , [23] , adopt PID controllers with adaptable parameters, which are functions of the particular operating condition (such as the estimated tire-road friction coefficient and measured lateral acceleration). These controllers are commonly implemented on conventional vehicles with internal combustion engines and hydraulic friction brakes. Specific patents, such as [24] , describe how to deal with particular situations, e.g., the case of a wheel in deep snow. The ABS algorithms on production vehicles are rule-based, and include a combination of decisions based on wheel acceleration and estimated longitudinal slip [25] . Recent patents, e.g., [26] , describe wheel slip control strategies for electrified vehicles, including cooperation of the friction brakes and electric motors.
The continuous wheel slip controllers in the literature are based on the simplified equations of the wheel dynamics, with the slip ratio used as a state. They generally exclude consideration of: i) tire relaxation [27] , which is very relevant to vehicle control [28] ; and ii) drivetrain torsional dynamics, which can provoke a significant deviation between the expected and the actual wheel torque [29] . ii) is an important limitation, as the on-board (rather than the in-wheel) installation of the electric drivetrains is the preferred solution in many applications, mainly for packaging constraints.
In this respect, the novel contributions of the paper are:
1) The analysis of the variation of the system frequency response, when considering tire relaxation and electric drivetrain torsional dynamics during TC design.
2) The development of PID and H ∞ controllers specifically designed for TC coupled with on-board electric drivetrains.
3) The objective comparison of the performance of different control structures from the literature, with that of the traction controllers designed in this paper. Among the controllers from the literature, this paper focuses on PID control, two sliding mode control formulations, and the maximum transmissible torque estimation controller (MTTE). The paper is structured as follows. Section II discusses the requirements for TC design. Section III describes the models for control design and system simulation, including an example of experimental validation. The models are analyzed in the frequency domain in Section IV. Section V presents the TC formulations that are compared in Section VI. Finally, Section VII reports the main conclusions.
II. REQUIREMENTS AND CONTROL STRUCTURE Fig. 1 shows a typical longitudinal force (F w ) -slip ratio (λ) characteristic of a passenger car tire, for different values of the tire-road friction coefficient, μ. The value of λ that maximizes F w varies with μ. Stability control systems include some form of μ-estimation (see [30] - [33] ). However, these methods are usually very approximated, and in real-world applications μ is often estimated according to a few discrete levels. Also, for a given value of μ, the shape of the F w (λ) characteristics can vary depending on the specific road and its condition, e.g., it can happen that the slip ratio corresponding to the maximum value of F w is very different from the expected one. Moreover, the optimal value of λ is a function of vertical tire load, F z , which can be relatively easily estimated.
As a consequence, the first essential requirement of any TC is to be able to operate for a wide range of values of the local longitudinal slip stiffness, c λ . This is defined as:
The second requirement is that the TC is operational only when strictly required, i.e., to limit |λ|. During its interventions, the TC outputs a reduction (and never an increase) of the electric motor torque with respect to the value produced by the lowlevel layer of the torque-vectoring controller. The TC must be de-activated when λ is back within its normal values. Therefore, the control structure has to allow ease of activation/deactivation in a limited time frame.
Thirdly, the control action must be as smooth as possible, to allow comfortable vehicle operation, and not to provoke accelerated wear of the electric drivetrain hardware.
As shown in Fig. 2 , the control problem is to regulate the estimated value of the longitudinal slip ratio, λ act , to a setpoint, λ ref , through the variation of the motor torque demand. However, the performance of on-board electric drivetrains is affected by their torsional dynamics, mainly caused by the half-shafts [29]. For improving drivability, an active vibration controller (AVC, which is a particular configuration of anti-jerk controller) is included in the control structure. The electric motor torque correction of the AVC is given by:
The AVC behaves like a virtual damper with damping coefficient proportional to K AVC , i.e., it is a gain-scheduled (with v as a parameter) proportional controller of the torsional speed of the drivetrain (see [34] for details).
III. MODELS FOR SLIP RATIO CONTROL
The case study vehicle is a front-wheel-drive (FWD) EV with two on-board drivetrains (see Appendix A for the main parameters). Each drivetrain consists of an electric motor drive, connected to the respective wheel through a single-speed transmission (with two stages of reduction) and a half-shaft with constant velocity joints (see Fig. 3 ). The configuration with independent drivetrains on the two wheels of the same axle is discussed in the paper for simplicity, but the same theory is applicable to electric drivetrain architectures with a single onboard motor, a transmission and an open differential.
The control system design and assessment activity of this study is based on the following models at increasing levels of complexity:
1) Model 1, including a steady-state linearized tire model and considering the rotating parts of the drivetrain as a rigid system. This is the model typology commonly adopted in the literature for wheel slip control system design (e.g., in [8] , [13] , [17] ). 2) Model 2, which, in addition to the features of Model 1, considers transient tire behavior through the concept of tire relaxation.
3) Model 3, accounting also for the torsional dynamics of the half-shafts. 4) Model 4, which adds the virtual damper of the AVC to the features of Model 3. 5) Model 5, a non-linear simulation model in the time domain, implemented in Matlab-Simulink. The following sub-sections report the main characteristics of the models. Models 1-4 are used for control system design in the frequency domain, while Model 5 is adopted for control system assessment in the time domain.
A. Model 1
A first order model is adopted for the electric motor drive dynamics:
Equations (4) and (5) express the rotational dynamics of the drivetrains and the equivalent longitudinal dynamics of the vehicle, modeled as an apparent mass moment of inertia:
where:
According to a linear tire model, the tire-road traction torque, T w ,f , is a function of the longitudinal slip stiffness, c λ , and the slip ratio, λ:
where λ is defined in (10) for traction conditions:
Equations (9) and (10) can be linearized as:
Linearizations are also used for the rolling resistance and aerodynamic drag torque contributions (reported in Appendix B). The model is expressed in state-space form with the following state and output vectors:
where the linearized slip ratio output is given by:
The design of feedback wheel slip controllers is based on the transfer function
B. Model 2
In Model 2 the actual longitudinal traction force, T d,w ,f /R w , is calculated from the steady-state traction torque, T w ,f [see (11) ], corresponding to the current value of slip ratio, with the application of a relaxation length model for the evaluation of the transient effects, according to (14) :
The resulting state variables and outputs are:
C. Model 3
Model 3 considers the dynamics of the half-shafts, modeled as combinations of torsion springs and dampers:
The resulting states and outputs are:
D. Model 4
Model 4 includes the AVC, which is modeled as a variation of the reference motor torque, proportional to the torsional speed of the drivetrain:
The matrices x, u, A and B of the state-space formulation of Model 4 are reported in the Appendix C.
E. Model 5
To assess control system performance, a non-linear simulation model in the time domain was implemented in MatlabSimulink. The main additional features with respect to Model 4 are: i) a non-linear tire model based on Pacejka magic formula [35] ; ii) a transient tire model with relaxation length variable as a function of the operating conditions (e.g., F z and λ, according to the results in [27] ); and iii) inclusion of the electric motor drive torque slew rate and windage losses.
An example of experimental validation of Model 5 is reported in Fig. 4 , based on experimental longitudinal acceleration data from the vehicle demonstrator of the European Union funded E-VECTOORC project [36] . The specific experiments are electric motor torque sweep tests, with constant amplitude of the sinusoidal reference torque, and linearly increasing frequency. This reference torque profile allows the frequency response characterization of the longitudinal vehicle dynamics. The longitudinal tire parameters in Model 5 are the same as in [37] , [38] . The matching between the experimental and simulation results is particularly good, both with and without the AVC. 
V. WHEEL SLIP CONTROL STRATEGIES
Five slip ratio control approaches are considered: 1) Maximum transmissible torque estimation (MTTE) control, as described in [6] . 2) First order sliding mode control (SMC), based on [13] and [42] . 3) Second order sub-optimal sliding mode (SOSM) control [13] , [39] - [42] . The only exception to the condition (19) is the MTTE controller, discussed in the following Section V-A. Extensive driving cycle simulations with Model 5 were ran to verify the absence of undesired activations of the different TC algorithms during normal vehicle operation in high friction conditions.
A. Maximum Transmissible Torque Estimation Controller
The MTTE controller was developed by Hori's research team [6] , and experimentally demonstrated on EVs with in-wheel motors. The main benefit is that it avoids the problem of estimating vehicle velocity, which can be significant for fourwheel-drive vehicles, even if a longitudinal acceleration sensor is installed. For vehicles with only one driven axle, vehicle speed can be estimated for TC purposes from the angular speed measurement on the undriven wheels. Nevertheless, the MTTE controller is an interesting TC option for the simplicity of its formulation.
According to the MTTE, (20) estimates the torque corresponding to the longitudinal force between the tire and the road surface, from wheel acceleration and motor torque:
where, in the specific case of on-board electric drivetrains, it is: (21) neglects the drivetrain torsional dynamics.
An appropriate difference between chassis velocity and wheel velocity is necessary to provide the friction force of the tire. Accordingly, the ratio between the accelerations of the chassis and wheel can be described by the relaxation factor α:
where T w ,max indicates the drivetrain torque at the front wheels in limit conditions (hence the subscript 'max'). By imposing T res = 0 (i.e., by neglecting T roll,r and T aer ) and rearranging (22) , it is:
SinceT w ,f is available from (20) , T w ,max can be calculated from (23), e.g., by considering a value of α = 0.9 [6] . In real applications, T w ,max can be smaller than T w ,ref (i.e., the reference wheel torque according to the accelerator pedal position, vehicle speed and torque-vectoring controller output) not because of critical slip ratio conditions, but because of delays "at the acceleration start, which will cause a suddenly commanded acceleration to be temporarily constrained by T w ,max during acceleration phase" [6] . To avoid this problem, T w ,max is summed to the amplified (with gain χ) value ofṪ w ,ref . The corrected maximum transmissible torque, T w ,max , is then calculated as:
T w ,max is used to saturate T w ,ref according to: if − T w ,max < T w ,ref < T w ,max → T w ,act = T w ,ref if T w ,ref ≥ T w ,max → T w ,act = T w ,max if T w ,ref ≤ − T w ,max → T w ,act = − T w ,max (25)
The simplified block diagram of the MTTE controller is reported in Fig. 7 . Fig. 7 . Simplified schematic of the MTTE control structure [6] .
B. First Order Sliding Mode Controller
The objective is to reach the sliding condition and remain on the sliding surface, defined by σ λ = 0 [42] , where the sliding variable σ λ is:
The control law consists of two terms: i) a term f f /b f , which would keep the system on the sliding surface, if the system dynamics were completely known; and ii) a switching term that ensures robustness with respect to modeling errors and disturbances [13] , [39] - [41] . The control law is defined as follows [13] : (27) where f f and b f are based on the rigid model of the drivetrain and are given by:
γ SMC (∼34 s −1 for the simulations of this study) depends on the upper bound of the uncertainty. To guarantee that the closed loop system reaches σ λ = 0 in finite time, the Lyapunov function V (σ λ ) = 
In practice, the required value of γ SMC can be calculated from the simulation results of the vehicle system in different operating conditions, through the re-arrangement of (30) .
In the implementation of the controller (see Fig. 8 ), the saturation function in (27) , coupled with a first order filter, is used to reduce chattering, which is detrimental to drivability and drivetrain durability. As a consequence, a pseudo-sliding mode, rather than an actual sliding mode, is induced in the system. 
C. Second Order Sub-Optimal Sliding Mode Controller
The main advantage of second order SOSM control in its chattering avoidance formulation is the ability to achieve robustness with respect to matched disturbances, typical of sliding mode control, while avoiding control input chattering, which would compromise vehicle comfort and drivability [39] - [42] . In fact, with this SOSM formulation the discontinuity is on the time derivative of the control action, and not on the control action itself (see Fig. 9 ).
To apply second order SOSM control, the dynamic system must include a double integrator and have the following shape, with state variables x 1 (t) and x 2 (t):
In the anti-chattering formulation, ν(t) is the time derivative of the control action [39] - [41] . Moreover, in a neighborhood of the sliding manifold σ λ (x, t) = x 1 (t) = 0, the uncertain terms Φ and Γ must be bounded by known positive constants:
where u(t) is the control input (i.e., the integral of ν(t)). For the specific system, (31) becomes:
The functions Φ(x, u, t) and Γ(x, t) are reported in Appendix D. ν(t) is given by: To satisfy Lyapunov stability it must be:
The gain for the sliding mode controller was selected through test maneuvers simulated with Model 5, and the minimization of a cost function based on the combination of the performance indicators that will be defined in Section VI. In particular, for the results of this paper it is γ SOSM = 3400 Nm/s.
D. PI With Gain Scheduling
For each v, the gains of the PI controller (see Fig. 10 ) were tuned by imposing: i) desirable gain margin (GM ) and phase margin (P M) on the Bode diagram of the open-loop transfer function; and ii) desirable tracking bandwidth on the closed-loop transfer function.
Multiple solutions are generally possible. For example, Fig. 11 plots the integral gain (K I ) and the tracking bandwidth as functions of the proportional gain (K P ), to achieve a gain margin of ∼15 dB and a phase margin of ∼60 deg, for v = 20 km/h and v = 60 km/h. Fig. 11 reports these loci for Models 1-4. In particular, Models 1 and 2, i.e., the models neglecting the half-shaft torsional dynamics, are characterized by a wide range of gain combinations providing the required stability and robustness properties, measured by GM and P M. On the contrary, for Models 3 and 4 the range of K P and K I meeting the gain and phase margin specifications is very limited, and corresponds to a tracking bandwidth of ∼40-50 Hz at −3 dB. Table I reports the values of GM and P M evaluated with Model 4 (i.e., the most realistic model in the frequency domain), for the controllers designed through Models 1-4. Hence, the first subscript (i.e., '4' for all entries) of GM and P M in Table I indicates the model through which the margins are assessed, while the second subscript indicates the model through which the controller was designed. For Models 1 and 2, the selected values of K P and K I for the analysis in Table I are those providing similar tracking bandwidth to the gains obtained from Models 3 and 4.
The important conclusion is that for the case study parameters the controllers based on Models 1 and 2 do not provide stability when assessed with the realistic model including drivetrain torsional dynamics, as the corresponding phase margins are negative.
The values of K P and K I providing GM ∼ 15 dB and P M ∼ 60 deg have been computed for discretized values of vehicle speed along the relevant range of v, to obtain consistent system response. As a consequence, the resulting gains are scheduled as functions of v. Despite the significant variations of longitudinal tire slip stiffness during TC operation, the controller design was carried out for a fixed value of c λ for each v, as c λ variations are too fast to provide stable designs of gain scheduled controllers. Moreover, a gain scheduling on c λ would require the implementation of a longitudinal slip stiffness estimator, with potential issues in terms of accuracy and noise in real-world operating conditions. Nevertheless, the stability of the designed fixed-gain controllers with respect to c λ was verified for a wide range of longitudinal slip stiffness values.
E. H ∞ Loop Shaping Controller With Observer-Based Structure
The mathematical formulation of the H ∞ loop shaping robust stabilization problem is provided in [43] , [44] . To the knowledge of the authors, H ∞ loop shaping has been applied to many test cases in aerospace and vehicle engineering (see [45] , [46] ), but not yet to the specific problem of TC for EVs. Following the analysis in Section V-D, the plant G λ adopted for the control system design derives from Model 4 (i.e., the model including the AVC). For simplicity of notation, the dependence of the transfer functions on the Laplace operator s is omitted in the remainder. An observer/state feedback structure of the H ∞ loop shaping controller is employed to implement 
2) Design of a pre-compensator, W PI , with proportional and integral gains equal to those used for the PI controller based on Model 4 in Section V-D for the corresponding vehicle speeds. For the H ∞ gain scheduling scheme, four speed values were selected, equal to 20 km/h, 40 km/h, 60 km/h and 80 km/h. The transfer function of the shaped plant as a function of v is:
3) Implementation of the H ∞ loop shaping controller in the observer/state feedback form (see Fig. 12 ):
Z s and X s are the solutions of the generalized algebraic Riccati equations of the H ∞ loop shaping optimization [44] . The order of the resulting compensator depends on the order of the system. 4) Implementation of the gain scheduling scheme. H s and N s can be scheduled by linear interpolation between the adjacent design points according to (40) and (41), provided that the matrices H s and N s vary smoothly with vehicle speed, as it is the case here. Also the pre-compensator W PI (v) is scheduled by using linear interpolation between the two pre-compensators at adjacent design points h and h + 1, corresponding to the selected vehicles speeds.
In Table II the robustness properties of the H ∞ design are assessed through the maximum robust stability margin, max , i.e., the maximum coprime uncertainty that can be tolerated before the system becomes unstable [44] , for: i) the H ∞ controller designed for v = 80 km/h, i.e., H ∞,80 in the table; ii) the H ∞ controller designed for each of the speeds, indicated as H ∞ in the table; and iii) the same PI controllers used for the design of the H ∞ controllers in i) and ii), respectively indicated as PI 80 and PI. The robustness benefit of the H ∞ control designs with respect to the PI is evident. Also, the gain scheduling scheme provides consistent controller performance in terms of tracking bandwidth. The purpose of Maneuvers 1-3 is to understand the robustness of the controller with respect to the variation of the longitudinal slip stiffness of the tires, which is associated to the respective λ ref . The vehicle without TC would be subject to significant and persistent longitudinal slip values after the motor torque application of the tip-in tests. The performance of the MTTE is reported only in Figs. 13 and 15 , as this controller does not explicitly track a reference slip ratio.
The performance of the TC formulations during Maneuvers 1-3 is assessed through the following indicators:
1) The root-mean square value, RM SE, of the slip ratio error, e(t) = λ act − λ ref , during the relevant part of the tests (i.e., after the tip-in applications):
2) v fin , i.e., the final value of vehicle speed at the completion of the test, since effective slip ratio tracking performance should be conjugated with high vehicle acceleration.
3) The integral of the absolute value of the control action, IACA:
t m a n , f in t m a n , in |T TC (t)| dt (43) where T TC = u(t), i.e., T TC is the reference motor torque reduction imposed by the TC. This index is considered, as the expected slip ratio tracking performance should be delivered with limited control effort. 
VII. CONCLUSIONS
The activity presented in this paper allows the following conclusions:
1) The design of traction control systems for electric vehicles with on-board drivetrains should be based on models considering tire relaxation dynamics and, more importantly, drivetrain torsional dynamics. 2) Controllers designed through the conventional simplified models (used in the literature) of wheel slip dynamics do not guarantee stability when applied to on-board electric drivetrain layouts with significant torsional dynamics. If torsional dynamics are considered, it is possible to obtain excellent tracking performance through longitudinal slip controllers based on continuous slip ratio control and relatively simple control structures. 3) First order sliding mode control provides acceptable tracking performance, but despite the adoption of saturation functions and first order filters on the control action, this control structure provokes significant chattering. Based on the simulation results, this controller does not appear to be actually viable for the specific application. 4) Second order sliding mode guarantees good steady-state tracking performance. However, the peak values of slip ratio following fast variations of motor torque demand or tire-road friction coefficient are significant for the case study vehicle and maneuvers. 5) The MTTE controller guarantees simplicity in the implementation and very smooth drivetrain torque profiles.
However, constant values of its tuning parameters can correspond to very different values of the slip ratio during a maneuver executed at a fixed tire-road friction coefficient. 6) Based on the selected objective performance indicators, the PI and H ∞ controllers show the best behavior in terms of slip ratio tracking, longitudinal vehicle acceleration and reduced control effort. The high performance of these formulations is achieved through the inclusion of tire relaxation and drivetrain torsional dynamics in the models for control system design. This is the main conclusion of this study. 7) Gain-scheduled PI and H ∞ controllers are the recommended options for real vehicle implementation, as they combine relative simplicity of the control structure, good and predictable performance in different operating conditions, and ease of tuning. It is debatable whether the marginal performance benefit of the H ∞ controller with respect to the PI controller justifies the increased implementation effort. Future developments will be aimed at the experimental validation of these simulation-based results.
APPENDIX A
The vehicle parameters are reported in Table IV APPENDIX B Linearized equations for aerodynamic drag resistance and rolling resistance torque 
For conciseness only T roll,r is reported. 
